Topological physics in photonic systems have attracted great attentions in recent years. In this work, we theoretically study the one and two dimensional photonic quasicrystal resonator lattices characterized by the first and second Chern number, which show exotic boundary states within the photonic energy band gap. In particular, the second Chern number protected edge states has opened up new possibilities for realizing topological physics of dimensions higher than three in photonic systems, which is highly sought for. Such photonic systems can be easily experimentally realized in regular photonic crystal with dielectric rods in air, by varying the radius of the rods, so we propose experiments realizing our predictions.
Introduction
Topological phases in condensed matter including quantum Hall effect (QHE) 1 , topological insulators 2−7 , and quantum anomalous Hall effect (QAHE) 8−9 have recently garnered tremendous interest in condensed-matter physics, material science and electrical engineering communities 10 . In those systems, each energy gap is attributed an topological index. A nontrivial topological index is usually associated with interesting boundary states, quantized response, and exotic quasiparticle excitations. Soon after the discovery of these topological phases in condensed matter, similar topological effects in photonic systems 11−12 have been proposed and demonstrated, in analogy to the topological physics in condensed matter. Although topological phases exist in any dimension, those systems have dimensions below 3D, the maximum real space dimension in our universe. Thus for topological phases described by Chern number, only 2D systems protected by the first Chern number including QHE, QAHE and its photonic analogy 11−12 are realized.
Topological phases protected by the second Chern number exist in 4D 13 , and thus were thought to exist in theory only.
Only recently, using the physical properties of quasicrystals (QCs)-nonperiodic structures with long-range order, 4D QHE protected by second Chern number have been proposed in 2D photonic systems 14 . This is due to QCs can oftentimes be derived from periodic models of higher dimensions, so they contain extra information in higher dimensions 14−17 . The essential physics in their proposal is the on-site modulation of energy 14−15 . However, in this proposal, z dimension is treated as time and thus the wave vector in z, β z represents energy. This is different than the conventional photonic crystal (PC) context, in which the frequency ω is the energy and its experimental setup has been very mature to realize exotic photonic physics.
It is known that the resonant frequency of resonators in photonic crystals can be modulated through their size 18 .
With this principle, in this work we propose a 2D photonic crystal resonator lattice that have second Chern number protected edge states within the band gap of frequency ω . The proposed structure can be easily manufactured with modern fabrication technology.
Results
We first introduce some basic theory on the tight binding formalism of resonators in PCs. With that, we first illustrate our idea with first Chern number protected one dimensional PC resonator boundary states, then present our main results on the second Chern number protected two dimensional PC resonator boundary states.
Resonator Defect States in Photonic Crystal
In this work, we consider the square lattice PC composed of dielectric rods with radius 0.20a and refractive index 3.4 in air (Fig. 1a ) 18 . Its TM modes are well known to have a band gap from 0.29 − 0.42(2πc/a) 18 . Like dopant in a semiconductor, when the radius of a rod varies from 0.20a, the defect states form localized states in the photonic band gap. Using a hamiltonian formalism 19 , where the resonator mode |ψ = E H is the eigenvector and the resonant frequency ω is the eigenvalue of the equation, we have
with
Here ω is the resonant frequency lying within the bulk PC band gap (Fig. 1c) . ε 0 (x, y) is a function of the refractive index in real space. Inside the dielectric rods ε 0 = 3.4, outside ε 0 = 1. When the radius of the defect r < 0.2a, the defect states are monopole states 18 (Fig.1d) . One Dimensional Photonic Crystal Resonator Lattice When we have more than one resonators that are close enough in space, they are no longer isolated and the perturbed Hamiltonian is now Θ = Θ 0 + V , where
The perturbation terms result in
where ∆ε = ε − ε 0 is the difference of spatial dependent refractive index of the unperturbed system (single defect) ε 0 and the perturbed system (coupled defects) ε 20 . V αα is the self-energy correction for ω 0 of defect α 21 , and V αβ is the hopping between defect α and β 20 . Defining ω α = ω 0 + V αα , we can write the hamiltonian as
For an 1D resonator lattice of lattice constant 3a with translational symmetry (Fig. 1a) , considering nearest neighborhood hopping only, V α,α+1 = V α−1,α = t, ω α = ω c . Using Bloch theorem, we can solve the energy to be
as shown in Fig. 1c . By fitting Eq. 6, we can get for r = 0.0965a, ω c = 0.3312231(2πc/a), t = −0.00485(2πc/a). (1) Using ω c0 of r = 0.0965a as the zero energy reference, we compute the on-site energy of resonator site x:
. b is an irrational number. In this paper, we use b = (1 + √ 5)/2. x is an integer index for sites.
(2) Using the a monotonic function of ω x of the resonator radius in 1D resonator lattice with translational symmetry discussed in last section as shown in Fig. 2a , we can determine the radius r x for resonator x by inverting the function. Now we get a resonator QC lattice, each site with a different size. Notice that because ω x in step (2) was computed assuming 1D translational symmetry, now for the quasicrystal lattice without translational symmetry, ω x is modulated by its neighborhood with different sizes, same for the hopping parameter t. Considering nearest neighborhood hopping only, now the hamiltonian is
whereas we have defined functions
). These functions can be defined because according to our steps to construct the lattice, (2πbx + φ x )mod2π determines the size of the resonator at x as well as its neighborhood. Next we shall proceed to show Eq. 7 describe a Chern insulator with first Chern number.
In order for the Chern number to be defined, we introduce a twisted boundary condition by parameter θ 14,15
Next we set b L = b · L / L as a rational approximation to b so that the modulation is periodic. When L → +∞ the results will be the same as irrational b. When L is a prime number, for a shift φ → φ + ε where ε = 2πl/L and l = 0, 1, ..., L − 1, we can always find a translation of lattice site n → n + n ε , n ε ∈ 0, 1, ..., L − 1, so that any
We denote the translation operator by n ε sites as T ε , then
ε . The equivalence between phase shift and translation means that in the thermodynamical limit L → +∞, the shift has no physical consequence such as gap closing and the energy spectrum is independent of φ. To evaluate the Chern number we define the projector operator for states below the band gap as
|n is the state with energy E n and E gap is any energy within the band gap. Since the projection operator differs from the hamiltonian only by its eigenvalues, we also have
ε . The Chern number can be calculated as
where
is the Chern number density 15 . It can be easily proven that
So C(φ, θ) has 1/L periodicity. Thus
Next we need to prove C(φ, θ) is also independent of θ. From Eq. 8, e iθ/L ≈ 1 + iθ/L. According to perturbation theory, H and P are suppressed by a factor of 1/L, thus in the thermal dynamic limit, C(φ, θ) is independent of θ as well, and
Eq. 7 can be well approximated as (See Methods Section)
t |ψ x ψ x+1 | + Two Dimensional Photonic Crystal Resonator Lattice The hamiltonian to describe two dimensional photonic crystal resonator lattice is still Eq. 5, whereas α = (x, y). For a 2D resonator lattice of lattice constant 3a with transla-tional symmetry, considering nearest neighborhood hopping only, V (x,y),(x+1,y) = V (x,y),(x−1,y) = V (x,y),(x,y−1) = V (x,y),(x,y+1) = t, ω (x,y) = ω c . Using Bloch theorem, we can solve the energy to be
as shown in Fig. 3c . By fitting Eq. 16, we can get for r = 0.095a, ω c = 0.3280711(2πc/a), t = −0.0051005(2πc/a). (1) Using ω c0 of r = 0.095a as the zero energy reference, we compute the on-site energy of resonator site (x, y): ω (x,y) = ω c0 + λ x cos(2πbx + φ x ) + λ y cos(2πby + φ y ). b is an irrational number. In this paper, we use
x is an integer index for sites.
(2) Using the a monotonic function of ω (x,y) of the resonator radius in the 2D resonator lattice with translational symmetry discussed in last section as shown in Fig. 4a , we can determine the radius r (x,y) for resonator (x, y) by inverting the function.
Now we get a resonator QC lattice, each site with a different size. Notice that because ω (x,y) in step (2) was computed assuming 2D translational symmetry, now for the QC lattice without translational symmetry, ω (x,y) is modulated by its neighborhood with different sizes, same for the hopping parameter t. Considering nearest neighborhood hopping only, now the hamiltonian is
whereas we have defined functions ω (x,y) = ω((2πbx+φ x )mod2π, (2πby+φ y )mod2π), V (x,y),(x+1,y) = V 1 ((2πbx+
,(x,y−1) = V 4 ((2πbx + φ x )mod2π, (2πby + φ y )mod2π). These functions can be defined because according to our steps to construct the lattice, (2πbx + φ x )mod2π and (2πby + φ y )mod2π ubiquitously determine the size of the resonator at (x, y) as well as its neighborhood. Next we will elaborate how Eq. 18 describes a Chern insulator with second Chern number following the 1D QC case.
In order for the Chern number to be defined, we introduce a twisted boundary condition by parameter θ
In the same procedure as in the 1D QC case, by setting b L = b · L / L as a rational approximation to b we can prove the equivalence between phase shift and translation in the thermodynamical limit L → +∞. So the shift has no physical consequence such as gap closing and the energy spectrum is independent of φ. To evaluate the Chern number we define the projector operator for states below the band gap as
|n is the state with energy E n and E gap is any energy within the band gap. Given φ µ = (φ x , φ y , θ x , θ y ), the second Chern number can be calculated as
is the Chern number density. As in the 1D quasicrystal case,
and C(φ, θ) is also independent of θ in the thermal dynamic limit.
Eq. 17 can be well approximated as (See Method Section)
The bands of this model with periodical and open boundary condition are plotted in Fig. 4b and c, with the number of sites in both x and y directions chosen to be 34, t = −0.0051 and λ x = λ y = 0.00741925. For the value of λ we use, r (x,y) varies from 0.081a to 0.108a. By comparing those two figures, we can clearly observe the edge states appearing in the open boundary condition. In Fig. 4d we plot the wave function of the boundary state at φ x = −2.443, φ y = 0
and ω x = 0.3427(2πc/a) using the tight binding basis at different sites (x, y), which can be simply experimentally realized using the construction steps described in this Section. 
Methods
Topological Equivalence between 1D Models First we find that the hopping term in Eq. 7 is a special case of Eq. 4
between sites i, j, so we just need to consider the generic case, defining ∆r i,j = ri+rj 2 − r 0 , ∆r i,j = ri−rj 2 , where r 0 is the average of the resonator radius 0.0965a. Also we use first order approximation r x − r 0 = c(ω x − ω c0 ) = cλ x cos(2πbx + φ x ), whereas c is a constant
The first order term of ∆r i,j vanishes because according to Eq. 4, V i,j is invariant under the exchange of i, j. In the second last step we ignored the second order term. Similarly
According to numerical simulation, 
Similarly ω (x,y) = ω(r (x,y) , ∆r (x,y),(x−1,y) , ∆r (x,y),(x+1,y) , ∆r (x,y),(x,y−1) , ∆r (x,y),(x,y+1) ) = ω(r (x,y) , 0, 0, 0, 0) + ∂ω ∂∆r (x,y),(x−1,y)
∆r (x,y),(x−1,y) + ∂ω ∂∆r (x,y),(x+1,y)
∆r (x,y),(x+1,y) + ∂ω ∂∆r (x,y),(x,y−1)
∆r (x,y),(x,y−1) + ∂ω ∂∆r (x,y), (x,y+1) ∆r (x,y),(x,y+1) = ω (x,y) + c ∂ω ∂∆r (x,y),(x−1,y)
∆ω (x,y),(x−1,y) + c ∂ω ∂∆r (x,y),(x+1,y)
∆ω (x,y),(x+1,y)
+ c ∂ω ∂∆r (x,y),(x,y−1)
∆ω (x,y),(x,y−1) + c ∂ω ∂∆r (x,y), (x,y+1) ∆ω (x,y),(x,y+1)
With λ x = λ y , we can define F 1 and F 2 the same as the 1D case. According to numerical simulation, F 1 and F 2 are negative and positive and bounded by F m = 0.00019138 |t| , |λ| in Eq. 24. Thus Eq. 17 can be very well approximated by Eq. 24. We can also see their topological equivalence by plotting the energy states at φ x = φ y = 0 as a function of F = F 1 = −F 2 = −αF m , where α ∈ [0, 1] as a control parameter (Fig. 5b) . Because the bulk band gaps did not close as F evolves from 0 to −F m , the two models are topologically equivalent.
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